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By the dual space of a locally compact group G we mean the set of all equiv- 
alence classes of irreducible unitary representations of G equipped with the hull- 
kernel topology which is derived from the group C*-algebra of G. Aconsequence 
of the Peter-Weyl Theorem is that the dual space of a compact group is 
discrete. Also, a corollary to the Pontryagin Duality Theorem is that a locally 
compact abelian group is compact if and only if its dual space (group) is 
discrete. In this article we obtain a generalization of the corollary to the 
Pontryagin theorem and therefore a kind of converse to the Peter-Weyl 
Theorem. We prove that a second countable locally compact group is compact 
if and only if its dual space is discrete. 
Examples are given which show that the situation is more complicated in 
the noncommutative case than it is in the abelian case. For example a non- 
commutative group need not be discrete even though its dual space is compact. 
I. INTRODUCTION 
A corollary to the Pontryagin duality theorem is that a locally 
compact abelian group is compact if and only if its dual group is 
discrete. Harmonic analysis on noncommutative groups can be 
thought of as the study of their unitary representations. The dual 
group must be replaced by a “dual space” which does carry a topology 
although no group structure. To those who are interested in duals 
of groups, the Peter-Weyl theorem asserts that the dual space of a 
compact group is discrete. It is the converse of this statement which 
motivates this article and a proof of which we present here for second 
countable locally compact groups. Thus we obtain a generalization 
of the corollary to the Pontryagin theorem: A second countable group 
is compact if and only if its dual space is discrete. This fact is thought 
to be true in general by many. 
* This research has been supported by a grant G P. 11622 from the National Science 
Foundation. 
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In the course of the rather lengthy proof which follows, the hypoth- 
esis of discreteness in the dual is used only once. (See the proof of 
part 1 of Theorem 3.4.) All of the preliminary results follow from 
mere countability in dual, in fact from mere countability in the 
reduced dual. 
DEFINITION 1.1. Let G be a locally compact group and let R 
denote its left regular representation. By the reduced dual fi of G we 
shall mean that subset of the dual space G of G consisting of those 
elements T of G which are weakly contained in R. Following the 
terminology of Fell in [7], the reduced dual is precisely the spectrum 
of the regular representation. 
Amenable groups (see [lo]) are exactly those groups G for which 
R = G, and it is of some interest to know how much and in what 
ways the subset G - a of the dual space affects the analysis of a 
nonamenable group. It is evident from the results of this paper that a 
countable i? or a countable G lead to similar results. On the other 
hand one can prove that a locally compact group whose dual space is 
countable is unimodular, but I have not been able to prove this 
assuming countability only in the reduced dual. Of course it is an 
open question whether groups having countable reduced duals, or 
countable duals for that matter, are necessarily amenable groups. 
(See Remark 2.8.) 
Some partial results for the discrete dual problem have been known 
before. In his thesis Liukkonen (see [12]) includes a proof that an 
amenable group having a discrete dual is compact. J. M. G. Fell told 
the author verbally a proof that a separable Lie group having merely 
a countable dual space is compact. We show here, in Section II, 
that a separable Lie group whose reduced dual is countable is compact. 
Part of this proof resembles Fell’s. Professor Fell also told me an 
example of a noncompact totally disconnected group whose dual, 
and hence reduced dual, is countable. This seems to be a surprising 
fact, and we include this example here in Section IV. 
For convenience and clarity we include here another definition and 
several elementary propositions. 
DEFINITION 1.2. Let G and K be groups and let N be a normal 
subgroup of G for which GIN is isomorphic with K. In such a case 
we say that G is an extension of K or that G is an extension of K by N. 
There isn’t consistency in the literature about the definition of a 
group extension. We adopt the one above since for representation 
DISCRETE DUAL SPACE 133 
theory we have that, if G is an extension of K, then every represen- 
tation of K can be lifted to a representation of G. 
PROPOSITION 1.3. Let G and K be locally compact groups and 
suppose that G is an extension of K. If rr denotes the natural mapping 
of G onto K, then the mapping T + T 0 ?T is a homeomorphism of k 
onto a closed subset of C?. 
Proof. This follows from the description of the topologies in these 
dual spaces in terms of the convergence of nets of functions of positive 
type. (See [7].) 
PROPOSITION 1.4. Suppose that G is an extension of K by N, and 
suppose that N is amenable. Then if the reduced dual of G is countable 
so is the reduced dual of K. 
Proof. Let Ro , R, , and RN denote the left regular representations 
of G, K, and N respectively, and let I denote the trivial representation 
of N. Then, since R, is equivalent to UcRN) (the induced representa- 
tion), and since RN weakly contains I because N is amenable, we have 
that Ro weakly contains U’. (See [8].) However, U’ is equivalent to 
R, o VT, where 7~ is the natural projection of G onto K. (See Proposi- 
tion 1.2-D of [I].) N ow if the spectrum of RK were uncountable, 
then the spectrum of Ro which contains the spectrum of UI would 
also be uncountable. Q.E.D. 
PROPOSITION 1.5. If G is a countably infinite discrete group, then 
the reduced dual of G is uncountable. 
Proof. Suppose the reduced dual is countable. Then, since G is 
countable, its regular representation R is equivalent to a direct 
integral of irreducible representations and, by [7], these irreducible 
representations may be chosen from the spectrum of R. By the 
countability of that spectrum, this direct integral is equivalent to a 
direct sum. This implies that the regular representation contains an 
irreducible subrepresentation and therefore that G has a square- 
integrable representation. But this is known to be untrue. (See 
Corollary 5.12 of [17].) 
Section II is devoted to establishing a structure theorem for second 
countable groups having countable reduced duals. It is shown that 
such a group contains a compact open subgroup. (See Theorem 2.7.) 
Along the way we obtain the discrete dual theorem for separable 
Lie groups. 
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In Section III we prove our main theorem making heavy use of a 
compact open subgroup together with some rather technical results 
about the group Hilbert-algebra and square-integrable representa- 
tions. We include an appendix in Section V detailing the results about 
square-integrable representations of groups which we shall need. In 
this way we hope our theorem can be understood without sending 
the reader to another lengthy source. The second countability 
hypothesis is used on several occasions, each time in order to invoke 
direct integral theory. 
The Pontryagin theorem also implies that an abelian group whose 
dual group is compact is necessarily discrete. Along with Fell’s 
example of a noncompact group whose dual is countable, we include 
in Section IV an example showing that for noncommutative groups 
compactness in the dual does not imply discreteness in the group 
itself. 
II. A STRUCTURE THEOREM FOR GROUPS HAVING 
COUNTABLE REDUCED DUALS 
LEMMA 2.1. Suppose that H is an open subgroup of a second 
countable locally compact group G and assume that the reduced dual I? 
of G is countable. Then the reduced dual & of H is also countable. 
Proof. Recall that since H is open the Haar measure on H can be 
taken to be the restriction to H of the Haar measure on G. Now if S 
is an element of fz define A, to be the subset of A consisting of those 
elements T of A for which S Ix contains T as a direct summand. 
Since G is second countable, the dimension of S is at most aleph 
null, and therefore the cardinality of A, is countable. Since l? is 
countable, it follows that the union, for S in &, of the sets A, is 
countable, and the proof will be complete if we can show that &, is 
contained in this union. 
Thus let T be an element of & and let C$ be a nonzero function of 
positive type associated with T. Since T is irreducible and weakly 
contained in the regular representation RH of H, it follows from [7] 
that there exists a sequence [+,I of functions of positive type associated 
with RH which converges uniformly on compact subsets of H to 4. 
For each n there exists a function f, in L2(H) such that 
for all elements h of H. 
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If F is any function on H, define F’ to be the function on G which 
agrees with F on H and is zero elsewhere. We have, for each n, f,’ is 
an element of L2(G) and 
for all elements x of G. Therefore each 4,’ is a function of positive 
type on G associated with the regular representation R of G, and 
clearly the sequence [&‘I converges uniformly on compact subsets 
of G to the function of positive type 4’. 
Let U be a cyclic unitary representation of G with cyclic vector ZI 
such that (UJz)), V) = 4’(x) for all x in G. Again by [7] U is weakly 
contained in R. Since G is second countable, U is equivalent to a 
direct integral of irreducible representations and each of these irre- 
ducibles can be chosen from the spectrum of U which implies that 
each of these irreducible representations can be chosen to lie in 8. 
Since fi is countable, U is equivalent to a direct sum C Sn of irre- 
ducible representations each of which belongs to the reduced dual R. 
Let M be the smallest closed subspace of the space of U which 
contains ZI and which is stable under U IH . Then U lHIM is equivalent 
to T since both these representations of H are generated by the same 
function of positive type $. Now there exists some n such that M is 
not orthogonal to the space M, of the irreducible representation P. 
Therefore projection onto M, is a nonzero operator which intertwines 
UI HIM and S” IH . Hence by Schur’s lemma Sn IH contains a sub- 
representation which is equivalent to T, i.e., &,, contains T. Q.E.D. 
We should remark that we have actually proved the following: 
If T is an element of & , then T is contained as a direct summand 
in UT IH . (See [3].) 
PROPOSITION 2.2. If G is a connected semisimple Lie group whose 
reduced dual is countable, then G is compact. 
Proof. Having been unsuccessful in producing an elementary 
proof of this fact, we content ourselves here with saying that the 
proposition follows from the rather complicated structure theory for 
noncompact semisimple Lie groups. (See for example [4] and 
Chapter 10 of [II].) 
THEOREM 2.3. If G is a connected Lie group whose reduced dual is 
countable, then G is compact. 
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Proof. We prove this theorem by induction on the dimension of G. 
If G is one dimensional, then since the real line R and the circle 
group T are the only one-dimensional connected Lie groups, it 
follows from the countability assumption that G is T. Assume that 
the theorem is true for groups of dimension less than or equal to n, 
and let G be an (n + I)-dimensional connected Lie group. If G is 
semisimple, then Proposition 2.2 implies that G is compact. If G is 
not semisimple, then there exists a connected abelian closed normal 
subgroup N of dimension 7 greater than or equal to one. The group N 
is then isomorphic with Rj x Tr-j for some integer j. Now G/N is 
a connected Lie group of dimension less than or equal to n, and since 
N is amenable Proposition 1.4 implies that G/N has a countable 
reduced dual. Hence by the inductive hypothesis G/N is compact 
and G then is an abelian extension of a compact group and is therefore 
amenable. The lemma which follows shows that such a group has an 
uncountable dual space, and hence an uncountable reduced dual, 
unless j = 0 in which case the group G is compact. Consequently, 
in view of the following lemma, the proof of the theorem is 
complete. 
LEMMA 2.4. Let N = Rj x TV-j be a closed normal subgroup of a 
locally compact group G and assume that G/N is compact. Then the 
dual space e of G is uncountable unless j = 0. 
Proof. Assume that j is not equal to zero. Now N is of type I and 
since G/N is compact it follows from [9] that N is regularly imbedded 
in G. We apply the Mackey procedure to analyze G. (See [13].) We 
need only show that the action of G on N, which equals Rj x Zr-j, 
where Z denotes the group of integers, has uncountably many 
distinct orbits. Actually we are only interested in the action of the 
compact group G/N on N. 
Thus let K be an element of G/N and let x be an element of Rj. 
The image of the element (x, 0), where 0 is the identity in the group 
Z-j, under the automorphism induced by k must again be of the 
form (y, 0) because of divisibility properties in the group Rj. There- 
fore all of the automorphisms of N induced by elements of G/N 
leave the subgroup Rj of N stable. These automorphisms are all 
continuous and are therefore linear transformations of Rj. Since G/N 
is compact we may norm Rj so that each of these automorphisms 
preserves the norm. It then follows that, if 1 h, / is not equal to 1 h, I, 
then (h,x, 0) and (X g~, 0) belong to different orbits of N for any 
nonzero X. This proves the lemma. 
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THEOREM 2.5. If G is a separable Lie group whose reduced dual is 
countable, then G is compact. 
Proof. By Lemma 2.1 the connected component G, of the identity 
in G has a countable reduced dual, and by Theorem 2.3, GO is there- 
fore compact. Since G, is then amenable, Proposition 1.4 implies that 
the discrete group G/G, has a countable reduced dual, and therefore, 
by Proposition 1.5, is a finite group. Hence G is a compact extension 
of a finite group and is itself compact. Q.E.D. 
COROLLARY 2.6. A separable Lie group whose dual space is discrete 
is compact. 
Proof. It follows from [6] that the dual space of a second countable 
group is also second countable. In this case then the dual space is 
actually countable. Therefore the reduced dual is countable and the 
theorem applies. 
We proceed now to develop some structure theory for non-Lie 
groups whose reduced duals are countable. 
THEOREM 2.7. If G is a second countable locally compact group 
whose reduced dual is countable, then there exists a compact open sub- 
group H of G. 
Proof. Let C be the connected component of the identity in G, 
and let n denote the natural projection of G onto G/C. Then G/C is 
totally disconnected and therefore, by Theorem 16 of Paragraph 22 
of [15], there exists a compact open subgroup K of G/C. Define H 
to be r-l(K). Then H is open and by Lemma 2.1 the reduced dual 
of H is countable. 
Now C is the connected component of the identity in H and H/C, 
being isomorphic with K, is compact. By Section 4.6 of [14], there 
exists a compact normal subgroup L of H such that H/L is a Lie group. 
By Proposition 1.4, H/L has a countable reduced dual, and then by 
Theorem 2.5, H/L is compact. Therefore H, being a compact extension 
of a compact group, is itself compact. Q.E.D. 
Remark 2.8. It follows from the above theorem together with 
Zorn’s lemma that G contains a maximal open amenable subgroup GO . 
I have not been able to show that G must equal GO . Were this true, 
the proof of the discrete dual problem would be greatly simplified 
in view of Liukkonen’s result mentioned in the introduction. 
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III. SECOND COUNTABLE GROUPS HAVING DISCRETE DUALS 
In this section we fix a second countable locally compact group G 
whose dual space is discrete and a fixed compact open subgroup H 
of G. (Note that in this case G is actually countable [see the proof of 
Corollary 2.61 and therefore by Theorem 2.7 there does indeed exist 
a compact open subgroup.) We begin now to use the multiplicative 
structure under convolution in the Hilbert space L2(G). (See 
Section V.) To use this we first must establish that G is unimodular. 
PROPOSITION 3.1. If G is any locally compact group whose dual 
space is discrete, then G is unimodular. 
Proof. Let N = 8-l [l], where 6 is the modular function on G. 
Then the abelian group G/N has a discrete dual space by Proposi- 
tion 1.3. Therefore, by the Pontryagin duality theorem, G/N is 
compact. Then 6(G), being the continuous image of G/N, is a compact 
subgroup of the group of positive real numbers, and 6 is identically 
one. 
Returning to the group G and its compact open subgroup H, we 
fix the Haar measure X on G so that X(H) = 1. 
LEMMA 3.2. Let T be an irreducible subrepresentation of the left 
regular representation R of G and let I denote the trivial representation 
of H. Then T IH contains I at most a finite number of times. 
Proof. Assume the lemma to be false. Let M be a subspace of 
L2(G) for which R jM is equivalent to T. Then there exists an infinite 
collection [fn] of orthonormal vectors in M such that Th(fn) = f, for 
all n and all h in H. Let 4, be the function f, If,*. By Proposition 5.8 
the sequence [+J is a uniformly bounded sequence of orthogonal 
vectors in L2(G). Further&(h) = I/ fn )/22 = 1 for all n and all elements 
h in H. 
If g is the characteristic function of H, then g belongs to L2(G) and 
(4, , g) = 1 for all n. For each n define gn to be r$, - g. The sequence 
[&I is a uniformly bounded sequence of vectors in L2(G) and more- 
over, if n is not equal to m, we have 
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Such a sequence can not exist in any Hilbert space since otherwise 
we would have, for all N, 
i=l ij i#i 
where M is a uniform bound for the sequence [#,I, and this inequality 
is clearly violated for large enough N. This completes the proof. 
Remark 3.3. If I denotes the trivial representation of H, then 
since I is contained in the regular representation of H, it follows that 
U’, the induced representation, is contained in the regular representa- 
tion of G. In fact we can identify the subspace of L2(G) on which R 
is equivalent to UI. 
That subspace consists precisely of the elements of L2(G) which 
are constant on left cosets of H, i.e., all those functions f for which 
f(xh) =f(~) for all x in G and all h in H. 
THEOREM 3.4. If G is a second countable locally compact group 
whose dual space is discrete, then G is compact. 
Proof. Let g denote the characteristic function of H thought of 
as an element of L2(G). Then g is a nonzero self-adjoint idempotent 
element of L2(G) and is, by Proposition 5.10, a sum of orthogonal 
minimal self-adjoint idempotents: g = 2 g, . An outline of our proof 
is the following. 
1. We show first that the sum above contains only finitely many 
idempotents. 
2. We show that each of these minimal idempotents has com- 
pact support. 
3. Finally we show that the group G is exactly equal to the 
support of some one of these idempotents. 
Proof of 1. For each n let f, beg, IH and write f for g IH . Then 
if h belongs to H, we have 
fn(h) = gn(h) = g, * g(h) (See the remark following (5.10). 
= j+/n(W g(P) dr = 1, g&9 g(y-l) dr 
= f Hfn(h~)f(~-‘) dr = fn *f (4. 
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Hence f, belongs to the left ideal of L2(H) generated by f, and since 
this ideal is one dimensional, f ,  = a,f, i.e., g, lH is constant and that 
constant an = g,(e) which equals 11 g, j\s2 since g, is a self-adjoint 
idempotent. 
Since C g, converges to g uniformly as well as in L2( G), (see 5.10) 
we have that g(e) = C g,(e) = C a, . Therefore lim a, = 0. Using 
Proposition 5.9 we see that, for each irreducible subrepresentation 
T of R, only a finite number of the [g,] can generate T. Therefore if 
the set [gn] is infinite, it must be that the corresponding sequence [Tn] 
of irreducible representations of G tends to infinity in G. This is 
the only instance where the hypothesis that G is discrete is used. 
In such a case we have 
(4 lim Kg, g&d = lim lb gn * gdlg, 1131 
= lim I@ * k,/ll g, IId, gd g, lld 
= lim l(~g”(gn/llgn //2),~,l/l~n IIJ < lim II C” II 
which approaches zero. (See Chapter II of [7].) 
But we also have 
(ii) 
= lim 1 ~Hnnoiu. dY 1 = 1, 
and these two calculations contradict each other. Hence the sequence 
[gn] must be finite. Q.E.D. 
Before proving 2, we observe that the subspace of L2( G) on which R 
is equivalent to U’ is exactly the space of functions f in L2(G) for 
which f = f * g. Therefore the space of U’ is the direct sum of the 
irreducible subspaces of L2(G) generated by the finitely many [g,]. 
Hence U’ is equivalent to a direct sum of finitely many irreducible 
subrepresentations of R, and therefore by Lemma 3.2, U’ IH contains 
I at most a finite number of times. 
Proof of 2. Each g, in the sum for g satisfies g, = g *g, = g, * g. 
(See the remark following the proof of Proposition 5.10.) It then 
follows that each g, is constant under both left and right translation 
by elements of H, i.e., each g, is constant on all H-double cosets. 
Further, it follows that an H-double coset must be compact. Now if 
someg, has noncompact support, we obtain an infinite collection of 
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disjoint H-double cosets each of which is compact. The collection 
of characteristic functions of these H-double cosets constitutes an 
infinite set of orthogonal elements of L2(G). Since the characteristic 
function of an H-double coset is constant on all left cosets of H, 
each of these vectors is actually contained in the space of U’. (See 
Remark 3.3.) Since characteristic functions of H-double cosets are 
constant on right cosets of H, it follows that each of these vectors is 
invariant under the regular representation of G restricted to H, i.e., 
the space of U1 contains an infinite number of orthogonal vectors 
each of which is H-invariant which would imply that U’ lH contains I 
infinitely many times. We have seen that this is impossible. Hence 
no g, has noncompact support. 
Proof of 3. Since g is integrable on G, and since the sum C g, 
is a finite sum of integrable functions, it follows that some g, , say g, , 
has nonzero integral. Let C be the compact support of g, . We shall 
show that C = G. 
Thus let x be an element of G and let f be the characteristic function 
of the compact subset CxC of G. Then f is an element of L2(G). By 
Proposition 5.3 of [17], g, *f * g, is a multiple ag, of g, . Therefore 
%W = kYl*f*&(4 = j, jca(Y-l)gl(z-')f(z.ry)dzdy 
= j, j, gh-'> gdz-')f(w) dx dr = j, j, g,(P) gk-'1 dz dy 
= [ jgdy) dy]’ # 0. 
We have used here the fact that C must equal C-l. Hence, by the 
above calculation, gi(x) is not equal to zero and therefore x belongs 
to c. Q.E.D. 
IV. EXAMPLES 
The two groups presented here are semidirect products and their 
representation theory can be analyzed using the Mackey machinery. 
(See [13].) 
To begin with, let p be a prime and let N denote the field of p-adic 
numbers. Then N = [0] u [(Jicz NJ, where Ni is the set of all 
elements x of N of “height” or “valuation” pi. The height of 0 being 
defined to be 0 we have that, if x and y are elements of N, then the 
height of the sum x + y equals the maximum of the heights of x and y, 
and the height of the product xy equals the product of their heights. 
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PROPOSITION 4.1. The set of all elements x of N whose height is less 
than or equal to pi is a compact open subgroup of N considered as an 
abelian group under addition. 
PROPOSITION 4.2. The subset K of N consisting of those elements x 
of N whose height = 1 = pQ forms a compact group under multiplication. 
We now construct Professor Fell’s example of a noncompact group 
whose dual space is countable. Let G be the semidirect product No K 
of the two groups N and K described above, where the group K acts 
as a group of automorphisms of N as follows: If x is an element of N 
and K is an element of K, put K(x) = Kx. Since G/N is isomorphic 
with K which is compact, we infer that N is regularly imbedded in G 
and we can apply Mackey’s method. 
PROPOSITION 4.3. The dual group N of N is isomorphic with N. 
One can verify that the dual action of K on N is as follows: If x is 
an element of A and K is an element of K, then K(x) = (l/k) x. Also 
if x and # are elements of B of the same nonzero height, then the 
element x/# of K satisfies k(x) = #, i.e., the group K acts transitively 
on each Nj . 
PROPOSITION 4.4. The orbits of & under K and hence under G are 
precisely the collection [NJ and [O]. 
THEOREM 4.5. The dual space G of G is countable. 
Proof. There are only a countable number of distinct orbits of N. 
By Mackey’s theory each element W of G is associated with a unique 
orbit, and if we can show that only a countable number of elements 
of G are associated with each orbit, then it will follow that G itself is 
countable. 
Thus let x be an element of Nj for some j. The stability subgroup 
G, for x is N, and therefore the only element of G associated with Nj 
is Ux. The subset of G associated with [0] is R which is countable 
since K is compact. This completes the proof. 
A number of other facts about this group G can be observed. It is 
unimodular and CCR. (See Propositions 2.1-C and 4.1-D of [I].) The 
above reference also gives us the following. 
THEOREM 4.6. The topological space G can be described as follows: 
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The set G is the disjoint union of the two sets R and [Tj], where j runs 
over the group of integers, and Tj is the unique element of G associated 
with the orbit Nj . The topology of G relativixed either to I? or to the set 
[Tj] is discrete. Also each element 4 of I? is the limit of every sequence 
[T(jJJ for which the sequence [j,] converges to negative infinity. 
It follows from the Mackey theory that each of the elements Ti 
mentioned in the above theorem is infinite dimensional, while each 
element 4 of Z? is a character on G. The regular representation R of G 
is the direct sum Cc0 Tj. 
Some final remarks should be made about this group in connection 
with the previous results of this paper. Theorem 2.7 asserts the 
existence of a compact open subgroup H of G. For example we may 
take H to be N’ o K, where N’ is the set of all elements x of N of 
height less than or equal to one. 
Let I denote the trivial representation of H. Then as in Section III 
U* is a direct sum of certain of the [Ti]. The proof of part 1 of 
Theorem 3.4 can be adapted to show that among the representations 
which occur as direct summands in UI there can exist no sequence 
[T(i-)] for which the sequence (j,) converges to positive infinity. 
Hence there exists a J such that if j > J, then Tj does not occur as 
a direct summand in U’. On the other hand U* must contain an 
infinite number of distinct irreducible representations. For otherwise 
part 1 of Theorem 3.4 would be true and the rest of the proof of that 
theorem would proceed unchanged to imply that G is compact. 
Therefore there exists a sequence [j,] of integers converging to 
negative infinity such that for each n, T(j-) is contained as a direct 
summand in U’. It then follows from Theorem 4.6 above that UI 
weakly contains every element I$ of R. 
We turn next to an example of a nondiscrete group whose dual 
space is nevertheless compact. Let R be the real line and let 2 denote 
the group of integers. If n is an element of 2 define an automorphism 
of the group R as follows: If x belongs to R put n(x) = e%. We may 
then construct the semidirect product R 0 2. The dual action of 2 
on 2, which is isomorphic with R, is the following: If x belongs to fi 
and n belongs to 2, then n(x) = e-%x. 
If 0 is any orbit of fi under 2 different from [0], then 0 equals the 
set of all elements of i? of the form enx, where n runs over the group 
of integers and x is not equal to zero. This orbit is homeomorphic 
with G/G, because in this case G, , which is the stability subgroup 
for x, is R and G/R is homeomorphic with 2. Therefore R is regularly 
imbedded in G by [9] and we may apply Mackey’s theory. 
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THEOREM 4.7. If G is the semidirect product R o Z constructed 
above, then d is compact. 
Proof. Suppose [W,] is a net of elements of G. We shall prove the 
existence of a convergent subnet. If there exists a subnet of [W,] 
such that each element of this subnet is associated with the orbit [0], 
then replacing the net [W,J by the subnet without changing notation, 
we may choose for each a an element +, of 2 such that w,(xn) = $Jn) 
for all x in R and all n in 2. Now .2? is isomorphic with the circle 
group and hence the net [I$~] has a convergent subnet. It follows that 
the net [I&‘,] has a convergent subnet. (See Proposition 1.3.) 
On the other hand we may assume that no element W, is associated 
with the orbit [O]. For each a let xa be an element of the orbit of i? 
with which W, is associated. Then W, is equivalent to U(xa) and, 
since the orbit of fi with which W, is associated contains all elements 
of l? of the form enxa , we may as well choose xa to lie in the closed 
interval [ - 1, 11, The net [xa] then has a convergent subnet. Again 
replacing the net [W,] by the corresponding subnet without changing 
notation, we may assume that the net [x,J converges to x. Then by [S] 
the net [ U(xJj, which is the same as the net [ WJ, converges to every 
element W of G which is weakly contained in Ux. This completes 
the proof. 
In this example the group G is not connected. “Connectedness” 
being the farthest, topologically speaking, from “discreteness,” one 
can ask whether there exists a connected group whose dual space is 
compact. 
V. MULTIPLICATIVE STRUCTURE IN L2(G) 
The real key to our proof of our main theorem is in the analysis 
of the algebraic structure of the group Hilbert algebra for a group 
whose dual is discrete. Two accounts of Hilbert algebras and their 
representations are given in Chapter XIV of [5] and in [17]. For our 
purposes in Section III certain additional formulas are needed. In 
this appendix we derive these results as well as quote some useful 
theorems from the above references. 
We fix a unimodular group G with left regular representation R. 
The most important fact for our purposes is the relationship between 
irreducible subspaces M of L2(G) under R and minimal idempotents 
g, of L2(G). 
DISCRETE DUAL SPACE 145 
THEOREM 5.1. 
1. Let M be an irreducible subspace of L2(G) under R. Then there 
exists an element g of M which satisJies 
i. For aZZ x in G g*(x) = g(x-‘) = g(x), i.e., g is self-adjoint. 
ii. For all x in G g *g(x) = Jg(xy)g(y-I) dy = g(x), i.e., g is 
idempotent. 
iii. For each element f of L2(G) the projection of f onto M is 
precisely f * g. 
iv. With respect to the following relation on the set of all self- 
adjoint idempotents in L2(G), the element g is minimal. 
DEFINITION. If h, and h, are self-adjoint idempotents in L2(G), 
then we say that h, < h, if and only if h, = h, * h, = h, t h, . 
2. If g is a minimal self-adjoint idempotent element of L2(G), then 
the cyclic subspace of L2(G) g enerated by g under R is irreducible. 
This theorem is a consequence of the references mentioned above 
and it can be proved beginning with Theorem 2.3 of [17]. It should 
perhaps be remarked that iii and iv of the theorem imply that the 
element g is unique. 
PROPOSITION 5.2. Let M be an irreducible subspace of L2(G). If 
(bl, qS2 and & are elements of L2(G), and if any two of them also belong 
to M, then the following formulas hold: 
i- (41 * 42 7 43) = (42 3 41* * A). 
ii. (A * +2 ,44 = Cdl p A * +2*)- 
iii. (A , d2) = @J2*, A*). 
These formulas are true because the two elements which belong 
to M are elements of the “fulfillment” of the group Hilbert algebra. 
(See [17].) 
PROPOSITION 5.3. Let g be a minimal self-adjoint idempotent element 
of L2(G) and let M be the irreducible subspace it generates. For each ele- 
ment$ of Mandeach elementf ofL’(G), II 4 *f 112 = [II $ lldlgllJlg *f 112 . 
Proof. This follows from Lemma 5.4 of [17]. 
COROLLARY 5.4. If I# and f are as in the proposition, then 
II + *f II2 G [II + llz/ll g II21 Ilf II2 * 
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Proof. This will follow from the proposition if we show that 
llflh 2 llg *flln - But llfllz = If* 112 since G is unimodular. There- 
fore [IflIz which equals ijf* II2 is greater than or equal to IIf* *g II2 
by iii of Theorem 5.1, and hence ilf/lz is greater than or equal to 
IIg *f I12 * Q.E.D. 
COROLLARY 5.5. If 4 and f are as in the proposition, then 
Ilf * 4 II2 G [II 4 112/l g II21 llf I12 *
Proof. The norm off * 4 equals the suprenum, over all elements 
h of L%(G) of norm one, of I( f * 4, h)l which equals I( f * I$ * g, h)), 
which equals I(f, h *g ;i: $*)I, by Proposition 5.2, which is less than 
or equal to 11 f 11s jl h *g * +* 11s which, by Corollary 5.4, is less than 
or equal to Ilf II2 [II h 112/11 g II21 II d II2 which equals Ilf 112 [II4 llz/ll g IId 
COROLLARY 5.6. Let g and M be as in the proposition. Let 4 be a 
nonzero element of M. Then for each element f of M, II f * c$* II2 = 
[II d lIzill g II21 Ilf I12 *ff ence the maPi% f -+ [II g 112/11 d lIzI f * 6* preserves 
the norm and is therefore a unitary operator from M onto M * $*. 
Further this operator effects an equivalence between R IM and R IMe4* . 
Proof. The formula follows from the proposition since 4” = g * $*. 
The equivalence between R IM and R IM*4* is obvious. 
PROPOSITION 5.7. Let g and M be as in the above proposition. If $1 
and +2 are demerits of M then A* * dl = [(A , hJ/lI g llzzl g. 
Proof. It is sufficient to prove this formula for the case when 
4, = & = + since the general case will follow from the polarization 
identity. 
We show first that $* * #J is a multiple of g. Let 6 be the mapping 
of M which sends an element f of M to f * +*, and let h be any 
element of M for which (g, h) = 0. Then (+* t I$, h) = (g * c$* * 4, h) 
which equals (g * +*, h * 4”) which equals (B(g), B(h)) which equals 
zero by the above corollary. Similarly it follows that $* *(p is an 
element of M, and therefore 4” * + is a multiple of g. Taking inner 
products to determine this multiple gives the formula. 
PROPOSITION 5.8. Let M be an irreducible subspace of La(G). If 
[f,] is an orthonormal set in M, then [f, * fn*] is a uniformly bounded 
set of orthogonal vectors in L2(G). 
Proof. This follows from the above proposition together with 
Proposition 5.3. 
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PROPOSITION 5.9. Let M and N be irreducible subspaces of L2(G) 
for which R IM is equivalent to R IN. If gM and g, are the minimal 
self-adjoint idempotents contained in M and N respectively, then 
11 ghf 112 = 11 gN 112 * 
Proof. First it should be remarked that the L2 norm of an idem- 
potent element in L2( G) is not necessarily greater than or equal to one. 
In a Banach algebra the norm of any idempotent is greater than or 
equal to one, but L2(G) is not in general a Banach algebra. In fact 
it is a Banach algebra only when G is compact. (See [16].) 
The proof of this proposition follows from Corollary 5.5 above 
together with Lemma 2.2 of [2]. 
PROPOSITION 5.10. Assume now that R is completely reducible and 
write L2(G) as the direct sum C Mr. , where each M3 is an irreducible 
subspace. Denote by h* the minimal idempotent contained in M3. . If g 
is any self-adjoint idempotent element of L2(G), then there exists a set 
of orthogonal minimal self-adjoint idempotents such that g = Cg, , 
where the sum converges unsformly as well as in L2(G). 
Proof. For some j the projection of g onto Ml is not zero. There- 
fore g * hi is not zero and consequently g * hi *g is not zero. We 
define gi to be [I] hi l122/l] g * hi ]122] g * h, *g. Using Propositions 5.2 
and 5.7, one can verify that g = gj + (g - gi) and both g, and 
(g - gi) are self-adjoint idempotents. Further they are orthogonal, 
and gi is actually minimal since it is nonzero and belongs to the 
irreducible subspace Mi *g. (See Theorem 5.1 and Corollary 5.6.) 
Hence we have written g as a sum of orthogonal idempotents one of 
which is minimal. The existence of the sum converging to g in L2(G) 
now follows from Zorn’s lemma. That the sum actually converges 
uniformly as well follows because, for any self-adjoint idempotent 
element h of L2(G), I] h lloD < I] h ]122. This completes the proof. 
We remark finally that the sum above is actually unique although 
this is not essential for our purposes. Also for each n gn = g, *g = 
g*gn* 
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